I review the Higgs-Dilaton model: a scale-invariant extension of the Standard Model and gravity able to support inflation and dark energy with just an additional degree of freedom on top of the Standard Model content. Potential extensions of the simplest realization on the basis of transverse diffeomorphisms are also discussed.
Introduction and summary
The precise measurements of the Higgs mass and the top quark Yukawa coupling at the Large Hadron Collider indicate that we live in a very special universe, at the edge of the absolute stability of the Standard Model (SM) vacuum. This surprising outcome allows us to speculate about consistently extending the SM all the way up to the Planck scale while staying in the perturbative regime. Unfortunately, any sensible attempt to relate the electroweak scale to gravity faces inevitably the so-called hierarchy problem, which leads to the instability of the Higgs mass under radiative corrections and to the infamous cosmological constant problem.
The apparent absence of new physics beyond the SM has rejuvenated scale symmetry as an interesting approach to solve the aforementioned hierarchy problem [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . A viable scale-invariant theory should exhibit, however, dilatation symmetry breaking in one way or another in order to account for the appearance of physical scales. According to how this symmetry breaking takes place, one can consider two different types of scenarios:
1. Emergent scale symmetry: Scale symmetry is taken to be anomalous and realized only in the vicinity of non-trivial fixed points [13, 15] . The transition among these fixed points happens through a crossover regime where physical scales emerge through dimensional transmutation, as happens for instance in QCD.
2. Spontaneously-broken scale symmetry: Scale symmetry is assumed to be exact but spontaneously broken by the non-zero expectation value of a given field or operator. In this type of setting, scale invariance is preserved at the quantum level by means of a scale invariant regularization prescription [11] . The price to pay is the lack of renormalizability [16] .
In this paper we will focus on the second type of scenarios. Using the so-called Higgs-Dilaton model as a proxy, we will describe the cosmological consequences of general biscalar-tensor models displaying a maximally symmetric Einstein-frame kinetic sector and constructed on the basis of scale symmetry and transverse diffeomorphisms (TDiff). The combination of these ingredients leads to some interesting features:
1. Scale-invariant TDiff theories are equivalent to diffeomorphism invariant theories containing a single dimensionful parameter Λ 0 . This quantity appears as an integration constant at the level of the equations of motion, in clear analogy with unimodular gravity scenarios.
2. For vanishing Λ 0 , one of the two scalar fields becomes the Goldstone boson of dilatations. The combination of gravity and scale invariance forces this massless degree of freedom to have only derivative couplings to matter, evading with it all fifth force constraints.
3. At large field values, the maximally symmetric structure of the Einstein-frame kinetic sector allows for inflation with the usual slow-roll conditions. The associated observables are almost universal and depend only on the Gaussian curvature of the field-space manifold and the leading-order behavior of the inflationary potential.
4.
The presence of a conserved scale current makes the considered models essentially indistinguishable from single-field inflation scenarios, from which they inherit all their virtues. This, in turn, prevents the generation of sizable isocurvature perturbations and non-gaussianities.
5.
A non-vanishing integration constant Λ 0 breaks scale symmetry, generating a run-away potential for the dilaton field able to support a dark energy dominated era.
6. Beyond its contribution to the late time accelerated expansion of the Universe, the dilaton field remains undetectable by any particle physics experiment or cosmological observation.
In particular, and in spite of its ultra-relativistic character, it does not contribute to the effective number of light degrees of freedom at big bang nucleosynthesis or recombination.
7. Simple scenarios lead to non-trivial consistency conditions between the inflationary observables and the dark energy equation-of-state parameter, potentially testable with future cosmological observations.
The Higgs-Dilaton model
The Higgs-Dilaton model is a natural extension of the SM and gravity where all dimensionfull parameters in the action are replaced by the expectation value of a singlet dilaton field χ. For the sake of completeness, we will consider two different incarnations of the model: a metric formulation where the connection determining the Ricci scalar is identified with the Levi-Civita connection and a Palatini formulation where the metric and the connection are taken to be independent variables. In both cases, the graviscalar part of the action takes the same form, namely [17, 18] 
1)
with h the Higgs field in the unitary gauge, ξ h and ξ χ two positive-definite constants to be determined from observations,
the SM Higgs potential and λ its self-interaction. Note that the direct coupling of the dilaton field to other SM constituents different from the Higgs is forbidden by quantum numbers. In this scenario, the vacuum manifold is infinitely degenerate, h 2 = α χ 2 . The Higgs vacuum expectation value and the Planck mass are generated by the spontaneous symmetry breaking of scale invariance, being the physics independent of the precise dilaton value. Note that this unified mechanism for the generation of masses does not address the numerical relation among them, making necessary to fine-tune the parameter α in (2.2) in order to reproduce the observed hierarchy of scales (α ∼ v 2 /M 2 P ∼ 10 −32 ), see, however, Refs. [6, 9, 19] . The cosmological consequences of the Higgs-Dilaton model (2.1) are more easily understood in the so-called Einstein frame in which the non-linearities associated with the non-minimal couplings to gravity are moved to the scalar sector of the theory. This frame is obtained by performing a Weyl transformation g µν → Ω 2 g µν with conformal factor Ω 2 ≡ (ξ h h 2 + ξ χ χ 2 )/M 2 P . While this field redefinition modifies the Ricci scalar in the metric formulation, it leaves it invariant in the Palatini one since the metric and the connection are in this case unrelated. This translates into a different Einstein-frame action for the metric and Palatini cases, namely
with R = g µν R µν (Γ) the Ricci scalar, 1 ϕ a = (ϕ 1 , ϕ 2 ) = (h, χ) a convenient notation identifying the fields as coordinates in a 2-dimensional field-space M , U(ϕ a ) ≡ V (h)/Ω 4 (h, χ) a Weyl-rescaled potential and γ ab = 1
the metric in M with y = 1 for the metric formulation and y = 0 for the Palatini one. A simple computation of the Gauss curvature associated with the field-space metric γ ab reveals that it is not generally possible to canonically normalize both fields by performing additional field redefinitions [18] . An important simplification can be obtained, however, by considering the Noether current of scale symmetry. For homogeneous fields in a Friedmann-Lemaitre-Robertson-Walker background, the conservation equation for this current takes the simple form [ 
with a = a(t) the scale factor, the dots denoting derivatives with respect to the coordinate time t and ∆ϕ a the infinitesimal action of dilatations on the fields. Taking into account the explicit form of ∆ϕ a in the Einstein-frame, we can rewrite Eq. (2.5) aṡ
a radial field variable in the {h, χ} plane [18] . Independently of any assumption on the initial conditions (cf. Fig. 1 ), Eq. (2.6) guarantees the evolution of (2.7) to a constant value in an expanding Universe [18] (see also Refs. [12, [20] [21] [22] ). The existence of this attractor solution has important phenomenological consequences. To see this explicitly, let us perform a field redefinition involving the radial field φ and a complementary angular variable Θ invariant under the simultaneous rescaling of h and χ, namely
(2.9) In terms of these variables, the Einstein-frame action (2.3) takes the very compact form [23, 24] 
and
As clearly seen in (2.10), the rescaled radial field Φ appears only through derivatives, not generating therefore any fifth-force effect among the SM constituents [18] (see also Refs. [25, 26] ). This emergent shift symmetry can be understood as a non-linear realization of the original dilatation symmetry in Eq. (2.1), with Φ the associated Goldstone boson or dilaton.
Inflation
The freezing of Φ as the Universe expands confines the motion of the fields to ellipsoidal trajectories in the {h, χ} plane. This means that, in spite of dealing with an intrinsically two-field model, the dynamics of the system turns out to be essentially single field, preventing the generation of large isocurvature perturbations or non-Gaussianities [18] (see also Ref. [22] ). For all practical purposes, inflation is driven by the angular field Θ, which intentionally displays a non-canonical normalization with a remarkable pole structure. The pole at Θ = 1 in Eq. (2.10) is a Minkowski pole, around which the usual SM minimally coupled to gravity is approximately recovered. For the purposes of inflation, this pole can be safely neglected, leaving behind an approximate action
with a maximally symmetric kinetic sector of negative curvature κ [23, 24] . The remaining poles at Θ = 0 and Θ = −c/κ lead to an effective stretching of the canonically normalized variable
, (2.14) and the associated flattening of the potential around them [27] . For ξ χ = 0 (c = 0), the pole Θ = 0 becomes quadratic and one recovers the well-known exponential stretching of Higgs inflation models [28, 29] 
For non-vanishing values of ξ χ (c = 0), the inflationary pole at Θ = 0 is no longer reachable and we are left with a linear pole at Θ = −c/κ. In this case, the stretching of the potential is restricted to a compact field range,
with θ 0 ≡ −M P /κ arccosh( −κ/c) an integration constant shifting to zero the location of the potential minimum in order to facilitate the comparison with Eq. (2.15).
Since we are especially interested in a scenario in which the dilaton field plays a subdominant role during inflation (ξ χ ξ h ), we can approximate |κ| |κ c | and assume the ratio c/|κ| to be small. Following the standard procedure for computing the inflationary observables in the slowroll approximation, we can easily obtain the following analytical expressions for the amplitude, the tilt and the running of primordial power spectrum of curvature fluctuations [24, 30] ,
(2.17) as well as the tensor-to-scalar ratio
The number of e-folds N * to be inserted in these expressions depends on the details of the heating stage, which, up to order O(ξ χ /ξ h ) corrections and a negligible production of dilaton particles [31] , coincides with that of Higgs inflation [32] [33] [34] [35] . As shown in these references, the depletion of the inflaton condensate takes place rather fast, strongly constraining the number of e-folds of inflation to the narrow interval 60 N * 62 [24] . Given this window and the value of the Higgs selfcoupling following from the evolution of the renormalization group equations up to the inflationary scale 2 we can determine the non-minimal couplings ξ h and ξ χ by comparing the above inflationary predictions to CMB data. As we will see below, this apparently trivial parameter-fixing has a strong impact in the subsequent evolution of the Universe.
Dark energy
Once reheating is complete, the system relaxes to the minimum of the potential, with the final expectation value of Θ determined by the small parameter α we have neglected so far. From there on, the evolution of the Universe proceeds in the usual way, undergoing standard radiationand matter-dominated eras [18] . A natural question at this point is how to recover the present accelerated expansion of the Universe without spoiling the scale symmetry of the system in an uncontrollable way. A simple possibility advocated in Refs. [17, 18] is to replace General Relativity by Unimodular Gravity [39] [40] [41] . Note that this replacement does not constitute a strong change of paradigm since both theories are special cases within the minimal group of transverse diffeomorphisms required for having spin-two gravitons [39, 40, 42] (cf. Section 4).
In unimodular gravity, the metric determinant is restricted to take a constant value g = −1, forbidding the inclusion of a cosmological constant in the action. The "cosmological constant" reappears, however, as a Λ 0 integration constant at the level of the equations of motion [17, 18] . In the presence of non-minimal couplings to gravity, this constant becomes the strength of a potential for the dilaton field Φ when moving to the Einstein frame, namely [17, 18] 
with γ and c given in Eqs. (2.9) and (2.12), respectively. This exponential potential breaks down the scale symmetry of the original theory in a controllable way, allowing to support an accelerated expansion of the Universe for positive Λ 0 values while driving the scalar field to infinity [43, 44] . The radial variable Φ behaves essentially as a thawing quintessence field [45, 46] and stays frozen until the decreasing energy density of the matter sector equals the approximately constant energy density in the potential term (2.19) . When that happens, the Universe enters an accelerated expansion era characterized by an equation-of-state parameter [47] 
with Ω DE the dark-energy/dilaton fraction and F(Ω DE ) a monotonically increasing function smoothly interpolating between F(0) = 0 in the deep radiation and matter dominated eras and F(1) = 1 in the asymptotic dark-energy dominated era (for details, see Ref. [24] ). Combining this expression with Eqs. (2.17) and (2.18) brings us to an unusual situation in which the early and late Universe observables, customarily understood as independent parameters, become related in a rather nontrivial manner [18, 24] , namely
Note that, although we have restricted restricted ourselves to a classical treatment, these consistency relations remain valid even in the presence of quantum corrections, provided that the ultraviolet completion of the SM non-minimally coupled to gravity respects the scale symmetry of the treelevel action [48] . Significant deviations from them are only expected for very fine-tuned regions in parameter space leading to the appearance of an inflection point along the inflationary trajectory [37, 38] .
Data comparison
To understand the impact of the conditions (2.21) on cosmological observables we compare the Higgs-Dilaton model with a standard ΛCDM scenario and a wCDM model involving also a thawing quintessence potential but without any additional constraints on the primordial power spectra [24] (see also Ref. [49] ). The posterior probability distributions following from a MCMC analysis of these three models are shown in Fig. 2 . As clearly appreciated in this plot, the performance of the Higgs-Dilaton model as compared to the other two scenarios is certainly remarkable. Indeed, as confirmed by the explicit determination of the Bayes factor B [24] , the Higgs-Dilaton model is strongly preferred with respect to a quintessence scenario without consistency relations (ln B = 3.51), while displaying a positive evidence over ΛCDM (ln B = 0.88) [24] . 3 Given the mild dominance of the Higgs-Dilaton model over ΛCDM, it is tempting to estimate whether future galaxy clustering and weak lensing probes will be able to discriminate between these two well-motivated scenarios. As shown in Fig. 3 , the combination of present data sets with the forecasted sensitivities of Euclid or SKA2 missions could translate into a more than 3σ separation between the Higgs-Dilaton model and ΛCDM [24] (provided, of course, that future best fits values remain comparable to the present ones). This interesting result could be significantly improved by future polarization experiments such as the Simon Observatory and the LiteBIRD satellite, expected to determine the tensor-to-scalar ratio at the level of 1 part in a 1000.
It i also interesting to notice that the impact of the consistency relations (2.21) extend to other cosmological parameters not directly related to inflation or dark energy. This is partially reflected in Fig. 3 , and more accurately illustrated in Fig. 4 , where we display the Higgs-Dilaton correlation matrix for a Euclid-like probe. Among other minor changes, we observe that characteristic ΛCDM features, such as the negative correlation between the spectral tilt n s and the dark matter fraction Ω cdm or the positive correlation between the reduced Hubble rate h and the present equation-ofstate parameter w 0 , become significantly altered in the Higgs-Dilaton scenario.
Beyond the Higgs-Dilaton model
As we have seen in the previous section, the main ingredients of the Higgs-Dilaton model are i) scale symmetry, ii) the existence of a singlet scalar field on top of the SM content and iii) unimodular gravity. Is it possible to unify all these pieces into a common framework? To answer this question, it is convenient to go back to the minimal group of transverse or volume-preserving diffeomorphisms mentioned in Section 2.2. This subgroup of coordinate transformations is generated by the subalgebra of transverse vectors taining at most two field derivatives. This is given by [51] 
2) with f , G 1 , G 2 , G 3 and v arbitrary theory-defining functions of the metric determinant g. The existence of an additional scalar degree of freedom in (4.2) can be made explicit by reformulating it in a diffeomorphism invariant way. This can be done by performing a general coordinate transformation with Jacobian J(x) = 1 followed by the introduction of a Stückelberg compensator field a(x) ≡ J(x) −2 transforming under diffeomorphisms as the metric determinant, i.e. δ ξ a = ξ µ ∂ µ a + 2a∂ µ ξ µ . We obtain [6, 51] 
3) with Θ ≡ g/a > 0 and Λ 0 a unique symmetry-breaking scale that arises as an integration constant in the original TDiff formulation. 4 Written this way, the theory is manifestly invariant under the internal transformations
As we did in the Higgs-Dilaton scenario it is convenient to recast the action (4.3) in an Einsteinframe form. Assuming the prefactor of the Ricci scalar to be positive-definite (φ 2 f (Θ) > 0) and performing a Weyl rescaling of the metric g µν → M 2 P /(φ 2 f (Θ)) g µν together by a field redefinition [23, 51] 
we obtain
with
, (4.6)
(4.7) the primes denoting derivatives with respect to Θ and
Given this general action, one can construct a preferred class of scale-invariant models by impos- ing sensible physical conditions such as the absence of ghosts (K(Θ) > 0, K 3 (Θ) > 0) or anti-de Sitter regimes (U(Θ) ≥ 0, Λ 0 K Λ (Θ) ≥ 0). On top of that, one could account for phenomenological aspects such as the recovery of SM action at low-energies, the non-generation of massless excitations excessively contributing to the effective number of relativistic degrees of freedom at Big Bang Nucleosynthesis and recombination, or the existence of inflationary solutions compatible with observations. An equivalence class of theories satisfying the last two requirements can be easily constructed by requiring the kinetic manifold in Eq. (4.5) to be maximally symmetric (cf. Fig 5) [23, 52] . In this case, the differential equation satisfied by the Gaussian curvature κ(Θ) = K 3 (Θ)F (Θ) − 2F(Θ)K 3 (Θ) 4F 2 (Θ) , F(Θ) ≡ K(Θ)K 3 (Θ) , (4.9)
can be straightforwardly integrated to obtain [23] K(Θ) = − M 2 P K 2 3 (Θ) 4 K 3 (Θ)(κ K 3 (θ ) + c) , (4.10)
with c an arbitrary constant. Using this expression and assuming U and K Λ to be expressible in terms of K 3 , we can rewrite Eq. (4.5) as
where we have defined a variableΘ ≡ K 3 (θ ) to highlight the similarities with the Higgs-Dilaton action (2.10). As in that case, the scale current attractor (2.5) is generically active for sufficiently small values of Λ 0 , reducing the system to a single field scenario inΘ. On top of that, the powerful pole structure in Eq. (4.11) makes the inflationary dynamics almost insensitive to the details of the unspecified potential U(Θ), generalizing the specific predictions (2.17) and (2.18) to the full equivalence class (4.11) [23, 52] . The pole structure of Eq. (4.11) is indeed clearly reflected in these expressions. For 4cN * 1, the spectral tilt approaches minus infinity while its running and the tensor-to-scalar ratio tend to zero, in good agreement with the single pole behavior at c = 0 [53] . On the other hand, the emerging quadratic pole at c → 0 makes the expressions converge to the well-known Higgs inflation results [28, 29] A s = λ s N 2
with |κ c | 1/6 in the metric case (y = 1) and κ c ξ h in the Palatini one (y = 0). In this sense, the predictions of Higgs and Higgs-Dilaton inflation are not attached to specific metric or Palatini formulations, as sometimes stated in the literature, nor to the precise choice of the theory-defining functions in (4.3), but rather to a defining principle: the existence of an Einstein-frame target manifold with approximately constant curvature!
